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Abstract
Let G be a group and DS(G) = {H ′ | H ≤ G}. G is said to be a DC-group
if DS(G) is a chain. In this paper, we prove that a finite DC-group is a semidirect
product of a Sylow p-subgroup and an abelian p′-subgroup. For the case of G being a
finite p-group, we obtain some properties of a DC-group. In particular, a DC 2-group
is characterized. Moreover, we prove that DC-groups are metabelian for p 6 3 and
give an example that a non-abelian DC-group is not be necessarily metabelian for
p > 5.
Keywords finite p-groups, lattices of subgroups, derived subgroups, generator of
derived subgroups.
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1 Introduction
For a group G, the set L(G) of all subgroups of G is a lattice with respect to set inclusion.
Let DS(G) = {H ′ | H ≤ G}. Then DS(G) is a subset of L(G). However, in general, it is
not a sublattice of L(G). Example is as follows.
Example 1.1. Let G be a symmetric group S6. Then DS(G) is not a sublattice of L(G).
Proof. Let N = 〈(123), (456)〉, H = NG(N) and L = 〈(1425)(36), (12)〉. Then H = N⋊L.
It is easy to see that H ′ = N ⋊L′ = N ⋊ 〈(12)(45)〉. Let K = A5. Then K ′ = K. Clearly
H ′∩K ′ = 〈(123), (12)(45)〉 ∼= S3. If there exists a subgroup S satisfying S
′ = H ′∩K ′, then
S ≤ NG(S
′) = NG(H
′∩K ′) = 〈(123), (12), (45)〉 ∼= S3×C2. Hence |S
′| 6 |(S3×C2)
′| = 3.
This contradicts |S′| = 6. Thus DS(G) is not a sublattice. 
Naturally, we focus on the case that DS(G) is a sublattice. For the reason that chain
is the simplest lattice, we turn our attention to the study of groups G satisfying DS(G)
∗This research was partially supported by the National Natural Science Foundation of China
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is a chain. Obviously, DS(G) is a chain is equivalent to H ′ ≤ K ′ or K ′ ≤ H ′ for any
H,K ≤ G. For convenience, we call such groups DC-groups and use G ∈ DC to denote
G is a DC-group. It is not difficult to prove that a finite DC-group G is a semidirect
product of a Sylow p-subgroup and an abelian p′-subgroup of G. Hence the study of finite
DC-groups can be reduced to that of finite DC p-groups, where a finite DC p-group means
it is a DC-group and a finite p-group. The main results in this paper are as follows.
Theorem 1.2. Assume G is a finite DC p-group. Then d(G′) 6 p. In particular, if
d(G′) = p, then G′ ∼= C
p
p.
Theorem 1.3. Assume G is a finite 2-group. Then G is a DC-group if and only if G′ is
cyclic or G′ ∼= C22 and cl(G) = 3.
Obviously, a finite DC 2-group is metabelian. We also prove that a finite DC 3-group
is metabelian. However, there exists finite non-abelian DC p-groups are non-metabelian
for p > 5. The counterexample is given.
Finally, it must be mentioned that the set {H ′ | H ≤ G} was introduced by de
Giovanni and Robinson in [7], independently, by Herzog, Longobardi and Maj in [11].
They investigated the structure of a group by imposing some assumptions on the set,
for example, de Giovanni and Robinson in [7] proved that if G is a locally graded group
with the set being finite, then G is finite-by-abelian(or G′ is finite). Along the line of
[7] and [11], by imposing different assumptions on the set, more results were obtained in
[8, 9, 13, 16]. We notice that these works mentioned above studied mainly infinite groups
by imposing some assumptions on the set. Our works are the first in this direction of finite
p-groups.
We use exp(G), cl(G) and d(G) to denote the exponent, the nilpotency class and the
minimal cardinality of generating set of G, respectively. For any positive integer s, we
define
Ωs(G) = 〈a ∈ G | a
ps = 1〉 and ℧s(G) = 〈ap
s
| a ∈ G〉.
Denote by Cpn and C
m
pn the cyclic group of order p
n and the direct product of m copies of
Cpn , respectively. If A and B are subgroups of G with G = AB and [A,B] = 1, then G is
called a central product of A and B, denoted by G = A ∗B. For a nilpotent group G, let
G = K1(G) > G
′ = K2(G) > K3(G) > · · · > Kc+1(G) = 1.
denote the lower central series of G, where Ki+1(G) = [Ki(G), G] and c = cl(G). For other
notation and terminology the reader is referred to [2].
2 Preliminaries
In this section, we list some known results which be used in the sequel.
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A finite group is said to be minimal non-abelian if it is not abelian but all of its proper
subgroups are abelian. The following lemma 2.1 is a direct result of [12, Kapitel III, §5,
Aufgaben 14].
Lemma 2.1. Let G be a minimal non-abelian group. Then G′ is a p-group. Moreover, if
G is a minimal non-abelian p-group, then |G′| = p.
Lemma 2.2. ([17, Lemma 2.4 ] )Let G be a 3-group of maximal class. Then the funda-
mental subgroup G1 of G is either abelian or minimal non-abelian.
Lemma 2.3. ([2, Theorem 9.6(e)]) Let G be a group of maximal class of order pn, where
p > 2 and n > p + 2. If M is a maximal subgroup of G and M 6= G1, then M is of
maximal class, where G1 = CG(K2(G)/K4(G)).
Lemma 2.4. ([15, Lemma 3.1]) Let G be a non-abelian p-group with d(G) = 2 and
cl(G) = c. If G has an abelian subgroup of index p, then Z(G) ∩G′ = Kc(G) ∼= Cp.
Lemma 2.5. ([10, Theorem A]) Let G be a finite p-group. If G′ can be generated by two
elements, then G′ = {[x, g] | g ∈ G} for a suitable x ∈ G.
Lemma 2.6. ([6]) Let G be a metabelian group. Then for each x, y ∈ G, we have
[xn, y] =
n∏
i=1
[x, y, (i − 1)x](
n
i), where [x, y, (i − 1)x] = [x, y, x, x, . . . , x︸ ︷︷ ︸
i−1
].
As a direct consequence of [6, Theorem 3.1], we get the following lemma 2.7.
Lemma 2.7. Let G be a two-generator finite metabelian p-group. Then G is p-abelian if
and only if exp(G′) 6 p and cl(G) < p.
Lemma 2.8. ([4, Theorem 4]) Let G be a finite p-group. If both G and G′ can be generated
by two elements, then G′ is abelian.
Lemma 2.9. ([5, Theorem 1.5(ii)]) Let G be a finite p-group. Then
exp(Ki(G)/Ki+1(G)) 6 exp(Ki−1(G)/Ki(G)) for all i > 2.
Lemma 2.10. ([2, Theorem 7.1(b)]) Let G be a finite p-group. If cl(G) < p, then G is
regular.
Lemma 2.11. ([2, Theorem 7.2(e)]) Let G be a regular p-group. Then
[xp
k
, yp
n
] = 1⇐⇒ [x, y]p
k+n
= 1.
Lemma 2.12. ([14, Lemma 2.1]) Let G be a nilpotent group and H a subgroup of G, such
that G′ = H ′K3(G). Then Ki(G) = Ki(H) for all i > 2.
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3 Some results of finite DC-groups
By the definition of DC-groups and Correspondence Theorem, we can get the following
useful lemma immediately.
Lemma 3.1. Let G be a finite DC-group. Then the subgroups and quotient groups of G
is also a DC-group.
Theorem 3.2. Let G be a finite DC-group. Then
(1) G is solvable.
(2) G = P ⋊A, where P ∈ Sylp(G) and A is an abelian p
′-subgroup of G.
Proof. (1) Assume G is non-abelian without loss of generality. We use induction on |G|.
By Lemma 3.1, it suffices to show that G has a non-trivial proper normal subgroup. If G
is minimal non-abelian, then G′ is a p-group by Lemma 2.1. Hence G is solvable. Assume
G is not minimal non-abelian. Then G has a non-abelian proper subgroup H. Obviously,
|H ′| = |(Hg)′| for any g ∈ G. It follows by G ∈ DC that H ′ = (Hg)′. Since (Hg)′ = H ′g,
H ′ = H ′g. Thus H ′ E G.
(2) Assume G is non-abelian without loss of generality. Let H be a minimal non-
abelian subgroup of G. Then H ′ is a p-group by Lemma 2.1. Since G ∈ DC, G is solvable
by (1). Hence G has a p′-Hall subgroup A. Clearly, H ′ ∩ A′ = 1. Since G ∈ DC, A′ = 1.
For any prime q 6= p, let x ∈ NG(Q) and L = 〈Q,x〉, where Q ∈ Sylq(G). Then L
′ is a
q-group. Hence H ′ ∩ L′ = 1. Since G ∈ DC, L′ = 1. That implies x ∈ CG(Q). It follows
that NG(Q) = CG(Q). By the well-known Burnside normal p-complement theorem, G has
a normal q-complement C(q). Thus P =
⋂
q 6=p
C(q) E G. It is easy to see P is a Sylow
p-subgroup of G. The result holds. 
Remark 3.3. A DC-group may be non-supersolvable and may has a non-abelian Sylow
subgroup. For example, let G = SL(2, 3)(∼= Q8 ⋊ C3). Then G is non-supersolvable and
Q8 is a non-abelian Sylow 2-subgroup of G. It is easy to get Q8 is the unique non-abelian
proper subgroup of G. Thus G ∈ DC.
If G is a finite p-group and G ∈ DC, then we said that G is a DC p-group. Based on
Theorem 3.2(2), the study of finite DC-groups can be reduced to that of DC p-groups.
The following theorem 3.4 shows that the class of DC p-groups are quite large.
Theorem 3.4. Let G be one of the following finite p-groups. Then G is a DC-group.
(1) A group with cyclic derived subgroup.
(2) A two-generator non-abelian group with an abelian maximal subgroup.
(3) A group of maximal class of order pn whose the fundament subgroup G1 satisfying
|G′1| = p, where n > p + 2 and p > 2. In particular, by Lemma 2.2, groups of maximal
class of order 3n also are DC-groups, where n > 5.
Proof. (1) It is obvious.
(2) We give a proof by induction on cl(G). If cl(G) = 2, then, by Lemma 2.4, G′ =
K2(G) ∼= Cp. The conclusion holds. Assume cl(G) = c > 2. Let G = G/Kc(G). Then
cl(G) = c − 1. By induction hypothesis, G ∈ DC. Let H be a non-abelian subgroup of
G. We assert that Kc(G) ≤ H
′: Let A be an abelian maximal subgroup of G. Clearly,
G = AH and H ′ ≤ A. Hence H ′ E G. Thus H ′ ∩Z(G) 6= 1. By Lemma 2.4, G′ ∩Z(G) =
Kc(G) ∼= Cp. It follows that H
′ ∩ Z(G) = Kc(G). The assertion holds. Thus DS(G) is
also a chain by Correspondence Theorem. Therefore G ∈ DC.
(3) Let G = G/G′1 and G1 = G1/G
′
1. Then d(G) = 2 and G1 is an abelian maximal
subgroup of G. It follows by (2) that G ∈ DC. Let H be a non-abelian subgroup of G. By
Correspondence Theorem it is enough to show G′1 ≤ H
′. Take K ≤ H and K is minimal
non-abelian. Clearly, it is enough to show K ′ = G′1. Since |K
′| = |G′1| = p, we only need
to show K ′ ≤ G′1. Assume K
′  G′1. Then K  G1 and Hence G = KG1. It is easy to
get that
[K ′G′1,K] = [K
′,K] = 1 and [K ′G′1, G1] ≤ [G
′, G1] ≤ [G1, G1] = G
′
1.
Thus K ′G′1 EG. By N/C Theorem, |G : CG(K
′G′1)| 6 p. Let L be a maximal subgroup
of G which contained in CG(K
′G′1). Then K
′G′1 ≤ Z(L). For each maximal subgroup
M 6= G1, we have M is of maximal class by Lemma 2.3. Hence |Z(M)| = p. Thus
L = G1. That means G1 ≤ CG(K
′G′1). It follows that [K
′G′1, G1] = 1. In particular,
[K ′, G1] = 1. Thus [K
′, G] = [K ′,KG1] = 1. That means, K
′ ≤ Z(G). So K ′G′1 ≤ Z(G).
This contradicts that |Z(G)| = p. 
The following results illustrate that for a non-abelian DC p-group G, d(G) can not be
bounded. However, d(G′) can be bounded.
Proposition 3.5. Let G be a finite non-abelian p-group and A a finite p-group. Then
(1) if A′ = 1, then G ∗ A ∈ DC if and only if G ∈ DC.
(2) G×A ∈ DC if and only if G ∈ DC and A′ = 1.
Proof. (1) We only need to prove that DS(G∗A) = DS(G). Obviously, DS(G) ⊆ DS(G∗A).
Take H ≤ G ∗ A. Let K = {g ∈ G
∣∣ ∃a ∈ A s.t. ga ∈ H}. Then K ≤ G, and hence
H ′ = K ′. Thus DS(G ∗ A) ⊆ DS(G). The result holds.
(2) (⇐) It is an immediate consequence of (1).
(⇒) Obviously, G ∈ DC by Lemma 3.1. SinceG×A ∈ DC, G′∩A′ = A′ or G′∩A′ = G′.
It follows from G ∩A = 1 and G′ 6= 1 that A′ = 1. 
In order to prove d(G′) has an upper bound, we need the following lemmas.
Lemma 3.6. Let G be a finite non-abelian DC p-group. Then
(1) Ki(G)/Ki+1(G) is cyclic for all 2 6 i 6 cl(G).
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(2) there exist ai ∈ Ki−1(G), bi ∈ G such that Ki(G) = 〈ai, bi〉
′, where 2 6 i 6 cl(G).
In particular, if H ≤ G and |Ki(G)| 6 |H
′|, then Ki(G) ≤ H
′.
(3) if d(G′) = 2, then G′ ∩ Z(G) is cyclic.
(4) if exp(G′) = p, then G′ ∩ Z(G) = Kc(G) ∼= Cp, where c = cl(G).
Proof. (1) Assume G is a counterexample of minimal order. Then there exists t such that
Kt(G)/Kt+1(G) is non-cyclic. Take a normal subgroup N of G satisfying Kt+1(G) ≤ N ≤
Kt(G) and Kt(G)/N ∼= C
2
p. Let G = G/N . Obviously, G ∈ DC by Lemma 3.1. If N 6= 1,
then Kt(G)/Kt+1(G) = Kt(G)/N ∼= C
2
p. This contradicts the minimality of G. It follows
that N = 1. Thus Kt+1(G) = 1 and Kt(G) ∼= C
2
p. Hence Kt(G) ≤ Z(G). Therefore there
exist a1, a2 ∈ Kt−1(G), b1, b2 ∈ G such that Kt(G) = 〈[a1, b1]〉 × 〈[a2, b2]〉. In particular,
〈a1, b1〉
′ ∩ 〈a2, b2〉
′ = 1. This contradicts G ∈ DC.
(2) We prove by backward induction on i. If i = cl(G), then Ki(G) is cyclic by (1).
Hence the result holds. Assume Ki+1(G) = 〈ai+1, bi+1〉
′. Then Ki(G) = 〈[ai, bi],Ki+1(G)〉
by (1), where ai ∈ Ki−1(G), bi ∈ G. In particular, 〈ai, bi〉
′  Ki+1(G). Since G ∈ DC,
Ki+1(G) = 〈ai+1, bi+1〉
′ ≤ 〈ai, bi〉
′. Hence Ki(G) = 〈ai, bi〉
′.
(3) If the result does not hold, then, by Lemma 2.5, there exist x, y, z ∈ G such that
G′ ∩ Z(G) ≥ 〈[x, y], [x, z]〉 ∼= C2p. It follows that 〈x, y〉
′ = 〈[x, y]〉 6= 〈[x, z]〉 = 〈x, z〉′. This
contradicts G ∈ DC.
(4) Let N = G′ ∩ Z(G). Then there exists t such that N ≤ Kt(G) and N  Kt+1(G).
Since G ∈ DC, Kt(G)/Kt+1(G) is cyclic by (1). It follows from exp(G
′) = p that
|Kt(G)/Kt+1(G)| = p. Hence Kt(G) = NKt+1(G). Moreover,
Kt+1(G) = [Kt(G), G] = [NKt+1(G), G] = [Kt+1(G), G] = Kt+2(G).
Since G is nilpotent, Kt+1(G) = 1. Hence cl(G) = t, N = Kt(G) and |Kt(G)| = p. 
Proposition 3.7. Let G be a finite non-abelian regular DC p-group, p odd prime. Then
d(G′) 6 p− 2.
Proof. Assume G is a counterexample of minimal order. Then d(G′) > p − 1. Let G =
G/Φ(G′). Then d(G
′
) = d(G′). By the minimality of G, Φ(G′) = 1. Hence G′ ∼= C
d(G′)
p .
So cl(G) = d(G′) + 1 > p by Lemma 3.6(1). On the other hand, from Lemma 3.6(2) and
the minimality of G it follows that d(G) = 2. Since G is regular and ℧1(G′) = 1, G is
p-abelian. It follows by Lemma 2.7 that cl(G) < p. This is a contradiction. 
Lemma 3.8. Let G be a finite non-abelian DC p-group with an abelian maximal subgroup.
Then d(G′) 6 p− 1.
Proof. Let G = G/Φ(G′). Then d(G
′
) = d(G′). Hence we can assume that Φ(G′) = 1.
By Lemma 3.6(2) assume that d(G) = 2. Let A be an abelian maximal subgroup of G.
Take a ∈ A \ Φ(G) and b ∈ G \ A. Then G = 〈a, b〉. Let e1 = [a, b] and ei+1 = [ei, b],
where i > 1. By Lemma 3.6(1), Ki+1(G) = 〈ei〉Ki+2(G) for i > 1. In particular, G
′ =
6
〈e1, e2, · · · , ei, · · ·〉. Notice that b
p ∈ A. Then [a, bp] = 1. On the other hand, by Lemma
2.6, [a, bp] =
p∏
i=1
e
(pi)
i = ep. Thus ei = 1 for i > p. It follows that |G
′| 6 pp−1. Therefore
d(G′) 6 p− 1. 
The following Theorem 3.9 and 3.10 give the proof of Theorem 1.2.
Theorem 3.9. Let G be a finite non-abelian DC p-group. Then |G′ : ℧1(G′)| 6 pp. In
particular, d(G′) 6 p.
Proof. Assume G is a counterexample of minimal order. Then |G′ : ℧1(G′)| > pp+1.
Take N E G, ℧1(G′) ≤ N ≤ G′ and |G′ : N | = pp+1. Let G = G/N . Then G is
also a counterexample. By the minimality of G, N=1. It follows that |G′| = pp+1 and
℧1(G′) = 1.
Let M be a maximal subgroup of G such that |M ′| has minimal order. Then M ′ EG.
Let G = G/M ′ and M = M/M ′. Then M is an abelian maximal subgroup of G. It
follows by Lemma 3.8 that d(G
′
) 6 p− 1. Obviously, Φ(G
′
) = 1. Thus |G
′
| 6 pp−1. Since
|G′| = pp+1, |M ′| > p2. Take N ≤ M ′ with |N | = p2 and N E G. Then |G/CG(N)| 6 p
by N/C Theorem. Hence there exists a maximal subgroup M1 such that M1 ≤ CG(N).
Moreover, N ≤ Z(M1). Since G ∈ DC, it follows by the minimality of |M
′| that M ′ ≤M ′1.
Hence N ≤M ′1. Thus N ≤ Z(M1) ∩M
′
1. This contradicts Lemma 3.6(4). 
Theorem 3.10. Let G be a finite non-abelian DC p-group. If d(G′) = p, then G′ ∼= C
p
p.
Proof. AssumeG is a counterexample of minimal order. By considering the quotient group
of G, we can get |G′| = pp+1 and |Φ(G′)| = p. By Lemma 3.6(2) assume that d(G) = 2.
If p = 2, then d(G′) = 2. It follows from Lemma 2.8 that G′ is abelian. Moreover,
G′ ∼= C4 × C2. In particular, |G
′ : Ω1(G
′)| = 2. Hence exp(K3(G)) = 2. If p > 2, then
G′ is regular since |Φ(G′)| = p. Thus |G′ : Ω1(G
′)| = |℧1(G′)| 6 |Φ(G′)| = p. We still
have exp(K3(G)) = p. Let G = G/Φ(G
′). It follows by Lemma 3.6(1) that cl(G) = p+ 1.
Hence Kp+2(G) ≤ Φ(G
′). Thus cl(G) = p+ 2 or cl(G) = p+ 1.
Case 1. cl(G) = p+ 2
In this case, we have Kp+2(G) = Φ(G
′). Since |G′| = pp+1 and cl(G) = p+ 2, we have
|Ki(G)/Ki+1(G)| = p for all 2 6 i 6 p+ 2.
LetMi = CG(Ki(G)/Ki+2(G)) := {g ∈ G | [Ki(G), g] ≤ Ki+2(G)}, where 2 6 i 6 p+1.
Then, by N/C Theorem, Mi is a maximal subgroup of G. Notice that a finite p-group can
not be a union of p proper subgroups. Take
a ∈ G \ (
p+1⋃
i=2
Mi), b ∈Mp+1 \ Φ(G).
By Lemma 3.6(2) and the minimality of G we have d(G) = 2. Then G = 〈a, b〉.
Moreover, Ki(G) = 〈[a, b, (i − 2)a],Ki+1(G)〉, where 2 6 i 6 p + 2. Let H = 〈a
p, b〉.
Clearly, G = G/Φ(G′) = G/Kp+2(G) is matabelian. By Lemma 2.6, we have
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[ap, b] ≡ [a, b](
p
1) · · · [a, b, (i − 1)a](
p
i) · · · [a, b, (p − 1)a](
p
p) (mod Kp+2(G)).
Hence [ap, b] ≡ [a, b, (p − 1)a] (mod Kp+2(G)). That means, [a
p, b] ∈ Kp+1(G) \Kp+2(G).
Since b ∈Mp+1 = CG(Kp+1(G)), [a
p, b, b] = 1. Notice that cl(〈Kp+1(G), a〉) = 2. We have
[ap, b, ap] = [ap, b, a]p = 1. Thus H ′ = 〈[ap, b]〉. Since exp(K3(G)) = p, |H
′| = p. But
H ′  Kp+2(G). This contradicts Lemma 3.6(2).
Case 2. cl(G) = p+ 1
In this case, we assert that p > 3. If p = 2, then G′ ∼= C4 × C2. By Lemma 3.6(1),
K3(G) 6= ℧1(G′). Let G = G/Ω1(G′). Then K3(G) ≤ Ω1(G′). Hence Ω1(G′) =
K3(G)℧1(G′). Since |℧1(G′)| = 2 and ℧1(G′) E G, ℧1(G′) ≤ Z(G). By Lemma 3.6(3),
Ω1(G
′)  Z(G). Thus K3(G)  Z(G). That means cl(G) = 4. This contradiction
cl(G) = 3.
Since cl(G) = p+ 1, by Lemma 3.6(1) and Lemma 2.9,
K2(G)/K3(G) ∼= Cp2 and Ki(G)/Ki+1(G) ∼= Cp for 3 6 i 6 p+ 1.
In particular, ℧1(G′)  K3(G) and |Kp| = p2.
Let M = CG(Kp(G)). Then, by N/C Theorem, M is a maximal subgroup of G. Take
a ∈ G \M and b ∈ M \ Φ(G). Then G = 〈a, b〉. Let H = 〈ap, b〉 and G = G/Kp(G).
Then cl(G) < p and hence G is regular by Lemma 2.10. Since [a¯, b¯]p 6= 1¯, [a¯p, b¯] 6= 1 by
Lemma 2.11. Hence [ap, b] /∈ Kp(G). On the other hand, it is easy to see that [a
p, b] ∈
℧1(G′)Kp(G). Thus [ap, b] = xy, where x ∈ ℧1(G′), y ∈ Kp(G) and x 6= 1. Since
|℧1(G′)| = p and ℧1(G′)EG, ℧1(G′) ≤ Z(G). Thus x ∈ Z(G). Since b ∈ CG(Kp(G)) and
y ∈ Kp(G), [b, y] = 1. Notice that cl(〈Kp(G), a〉) = 2. We have [y, a
p] = [y, a]p = 1. So
H ′ = 〈xy〉. That means |H ′| = p. Hence |H ′| 6 |Kp(G)|. It follows by Lemma 3.6(2) that
H ′ ≤ Kp(G). Thus x ∈ Kp(G). Since p > 2, x ∈ K3(G). This forced ℧1(G′) ≤ K3(G).
This contradicts ℧1(G′)  K3(G). 
Remark 3.11. By Theorem 3.10, we see that if d(G′) = p for a DC-group G, then
exp(G′) = p. However, when d(G′) < p, exp(G′) can be as large as possible. For example,
Let G be a p-group of maximal class with an abelian maximal subgroup and |G| = pk(p−1)+2.
Then G ∈ DC, d(G′) = p − 1 and exp(G′) = pk. For the structure of p-group of maximal
class with an abelian maximal subgroup, the readers is suggested to see [4].
The proof of Theorem 1.3: (⇒) Assume G is non-abelian without loss of generality.
It follows by Theorem 3.9 that d(G′) 6 2. If d(G′) = 2, then G′ ∼= C22 by Theorem 3.10.
Hence cl(G) 6 3. By Lemma 3.6(3), we have cl(G) = 3.
(⇐) If G′ is cyclic, then G ∈ DC by Theorem 3.4(1). If G′ ∼= C22 and cl(G) = 3, then
|K3(G)| = 2. Let H be a non-abelian subgroup of G. If H
′ 6= K3(G), then G
′ = H ′K3(G).
It follows by Lemma 2.12 that H ′ = G′. It implies that DS(G) = {1,K3(G), G
′}. So
G ∈ DC. 
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Corollary 3.12. Let G be a two-generator finite non-abelian 2-group. Then G ∈ DC if
and only if G′ is cyclic or G′ ∼= C22. In particular, the groups with d(G) = 2 and G
′ ∼= C22
were classified up to isomorphism in [1, Theorem 4.6].
Obviously, a finite DC 2-group is metabelian. It is not difficult to get, by Lemma 2.8,
3.6(2) and Theorem 3.9, 3.10, that a finite non-abelian DC 3-group is also metabelian.
However, the following example show that there exists finite non-abelian DC p-groups are
non-metabelian for p > 5.
Example 3.13. If a group G is one of the following groups, then G is a DC p-group with
G′ is non-abelian.
(1) G = 〈a, x; ai | x
p = ap = api = 1, [x, a] = a1, [aj , a] = aj+1, [a1, a2] = [x, a1] =
[a2, x] = [a3, x] = a5〉, where 1 6 i 6 5, 1 6 j 6 4 and p > 7, other commutators are 1.
(2) G = 〈a1, a2; a3, a4, a5 | a
52
1 = a
52
3 = a
5
2 = a
5
4 = a
5
5 = 1, [a2, a1] = a3, [a3, a2] =
a4, [a4, a2] = a5, [a5, a2] = a
5
1, [a1, a4] = [a3, a4] = [a1, a5] = a
5
3, [a1, a3] = [a3, a5] =
[a4, a5] = 1〉.
Proof. By a simple check we get that G′ is non-abelian for the groups (1) and (2), and
they have the following same properties.
(1) |G| = p7, Z(G) is cyclic and d(G) = 2.
(2) G has a maximal subgroup M0 with |M
′
0| = p.
(3) Z(M) is cyclic for each maximal subgroup M 6= M0.
Based on these observation above, we get that G ∈ DC by a similar argument as that
of Theorem 3.4(3). 
At last, we propose the following
Problem. Study the derived length dl(G) for a finite DC p-group G. Note that if
G ∈ DC and p 6 3, then dl(G) 6 2.
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